The solutions of the reaction-di usion system are given by method of collocation based on the exponential B-splines. Thus the reaction-di usion system turns into an iterative banded algebraic matrix equation. Solution of the matrix equation is carried out by way of Thomas algorithm. The present methods test on both linear and nonlinear problems. The results are documented to compare with some earlier studies by use of L∞ and relative error norm for problems respectively.
Introduction
Many incidents can be mathematically modelled by the system of the reaction-di usion equation. Thus they have applications in elds such as physics, chemistry, biology and sociology. Occurrences of interactions between di usion and reaction can be monitored by way of solutions of the reaction-di usion equation. The di usion mechanism gives a model of motion of a particle which exists in some region. These particles can be bacteria, molecules, cells, particles, epidemic disease, or a kind of event such as gossip spreading out in space. On the other hand, there exist reactions causing generation or degeneration of concentration by interactions. Some examples are ame propagation, movement of biological cells in plants and animals, and the spread of biological species in homogeneous or in heterogeneous environments. From a physical point of *Corresponding Author: Ozlem Ersoy: Mathematics-Computer Department, Eskişehir Osmangazi University, 26480, Eskişehir, Turkey, E-mail: ozersoy@ogu.edu.tr Idris Dag: Mathematics-Computer Department, Eskişe-hir Osmangazi University, 26480, Eskişehir, Turkey, E-mail: idag@ogu.edu.tr view, some reaction-di usion systems have been shown to exhibit travelling front and standing wave solutions [1] .
A variant of twice continuously bell-type basis functions known as the exponential B-splines were de ned by [2] . These are used for solutions of a variety of problems such as both the function and the surface approximation, interpolation, and computer aided design. Thus twice continuously approximate function using the combination of the the exponential B-splines which are basis for the exponential spline space over the nite interval can be set up for the numerical method for getting numerical solutions of the di erential equations. Academic articles have dealt with the numerical solutions of the di erential equations using the exponential B-splines. The exponential Bsplines are used with the collocation method to nd the numerical solution of the singular perturbation problem by Manabu Sakai and his colleague [3] . Another application of the collocation method using the cardinal exponential B-splines was shown for nding the numerical solutions of the singularly perturbed boundary problem in the study of Desanka Radunuvic [4] . The exponential B-spline collocation method is set up to obtain the numerical solutions of the self-adjoint singularly perturbed boundary value problems in the work [5] . The linear partial di erential equation known as the convection-di usion equation is solved by way of the exponential B-spline collocation method in the study [6] . The exponential cubic B-spline collocation algorithm for nding numerical solutions of Korteweg De-Vries is carried out in the work [7] .
Spline based-numerical studies on the possible solutions of the reaction-di usion equations have been set up to exhibit more accurate numerical methods for modelling some events. Some types of the nonlinear timedependent one dimensional reaction-di usions are solved with the B-spline numerical methods: Sahin et al. [8] have applied the B-spline Galerkin approach to nd numerical solution of Fisher's equation. The numerical method based on collocation of modi ed cubic B-splines overnite elements is proposed to approximate the numerical solutions of nonlinear Fisher's reaction [9] . The modied cubic B-spline di erential quadrature method is proposed for numerical solutions of the Fisher-type reactiondi usion equation [10] . An alternating direction implicit (ADI) orthogonal spline collocation (OSC) method is de-scribed for the approximate solution of a class of nonlinear two dimensional reaction-di usion systems [11] . A spline wavelet alternative direction implicit (SW-ADI) algorithm is presented for solving two-dimensional reaction di usion equations in the work [12] . The collocation methods based on the quadratic, cubic, quartic and cubic B-splines have been constructed for the one dimensional time dependent reaction-di usion system in the thesis [13] . The numerical method for the solution of a strongly coupled reaction-di usion system, with suitable initial and Neumann boundary conditions, by using a cubic B-spline collocation scheme on a uniform grid is presented in the study [14] .
In this paper, the exponential B-spline functions are adapted to the nite element method to form an integrator for the reaction-di usion equation. Thus the system of reaction-di usion equation is integrated via the exponential B-spline collocation method in the spatial variable over the nite elements. The resulting system is converted into the recursive algebraic system using the CrankNicolson method for temporal discretisation. Thus, an approximate functional solution is obtained with the help of combinations of both found unknown parameters and the exponential B-splines. Exponential B-spline functions have the free parameters. The least error of the numerical solutions is searched numerically by changing the free parameters with very small increment over some predetermined interval. Consequently, we try to nd the best representative numerical solutions of the reaction-di usion equation.
Exponential cubic B-spline collocation method
The temporal behavior of the concentration of two competing bodies can be modelled by the reaction-di usion equation. This can be represented in general by nonlinear reaction-di usion system in following form:
where U(x, t) and V(x, t) is real valued functions which depend on the space x and time parameter t. a , a are diffusion coe cients setting the time scales for di usion and collection of terms without derivatives consist of the reaction terms on right-hand side of the Equation (1) . Let π be partition of the problem domain [a, b] de ned at the knots 
where
,
and s = sinh(ph), c = cosh(ph), p is a free parameter. Graph of the exponential cubic B-splines over the interval [ , ] is depicted in Figure 1 with free parameter p = . i (x) can be computed from Equation (2) shown Table 1 . Approximate solutions U N (x, t) and V N (x, t) to the analytical solutions U(x, t) and V(x, t) are sought in the form
where δ i and ϕ i are time dependent parameters to be determined from the collocation method. The rst and second derivatives of U N (x, t) and V N (x, t) can be computed as
Using the Equations (2), (4), (5) and values at knots in Table 1, we can de ne U i , rst derivatives U ′ i and second derivatives U ′′ i at the knots by the following relations
(6) The Crank-Nicolson scheme is used to discretize time variables of the unknown U and V in the reaction-di usion equation system (1), we obtain the time discretized form of the equation as 
The systems (8) and (9) can be converted the following matrices system;
where 
. To obtain a unique solution, the additional four constraints are needed to be obtained from the boundary conditions for the problem of both linear and isothermal model Ux(a, t) = , Vx(a, t) = and U(b, t) = , V(b, t) = which gives the following equations:
and for the problem of Brusselator model Ux(a, t) = , Vx(a, t) = and Uxx(b, t) = , Vxx(b, t) = giving the following equations:
The system is reduced to a septa-diagonal system of ( N + ) equations with ( N + ) unknown by elimination of the parameters δ n − , ϕ n − , δ n N+ , ϕ n N+ from the (10) using either Equation (11) or (12) . This system can be solved with the a variant of Thomas algorithm. Nodal solution U N and V N at knots at discrete time level t n = n∆t can be computed from the Equation (6) after having being found repeatedly by solving the iterative system. An inner iteration is used to cope with the nonlinear terms in Equations (8) and (9) .
To start time evaluation of the iterative system (8) and (9), initial parameters δ − , ϕ − , δ , ϕ , . . . , δ N+ , ϕ N+ can be determined from the initial condition and rst space derivative of the initial conditions at the boundaries as the following
and
Numerical tests
In this section, we will compare the e ciency and accuracy of the suggested method for the linear problem. The obtained results will compare with [13] and [15] . The accuracy of the scheme is measured in terms of the following discrete error norm L∞ error norm
The accuracy of the scheme is measured in terms of the following relative error norm for nonlinear isothermal problem.
Relative error =
.
Linear problem
We will search the numerical solution of system of linear reaction-di usion equation which is de ned as
The known analytical solutions of above equation system is U(x, t) = e −(b +a )t + e −(c +a )t cos(x)
V(x, t) = (b − c ) e −(c +a )t cos(x). (18)
The initial conditions can be obtained from above equation system and taking t = . If the solution region is selected as [ , π ], the boundary conditions can become following form
In numerical calculations, the programme was run up to time t = for various N and ∆t and, reaction-di usion mechanism are examined for di erent selection of constants b , c and a . a) Firstly the constants of the system equation (17) are selected as (b , c , a ) = ( . , . , ) which is di usion dominated case. The boundary and initial conditions are chosen to coincide with (17) . Obtained results for U in terms of L∞ norm is given in Table 2 for N = . In Table 3 , L∞ error norms are calculated both U and V , for various N and ∆t. When Table 3 is examined, it seems that, accuracy of obtained results for V function more e cient than obtained results for U function. When N = and N = , the results are very close to each other. b) Secondly, the constants of system Equation (17) are selected as (b , c , a ) = ( , , .
) which is reaction dominated case. Obtained results in terms of L∞ norm is given in Table 4 for N = . In Table 5 , L∞ error norms are calculated both U and V , for various N and ∆t.In Figure 2 and Figure 3 graphs of numerical solution for rst and second problem are shown respectively. Graphs are obtained with ∆t = .
and N = . c) Last, we will obtain a numerical solution of reaction-di usion equation for (b , c , a ) = ( , , − ) which is a reaction dominated case with sti reaction. In Table 7 , L∞ error norms are calculated both U and V , for various N and ∆t.
. Nonlinear problems . . Brusselator model
The Brusselator is a model predicting oscillations in chemical reactions. Prigogine and Lefever de ned the model in 1968 [16] . The Brusselator model is a nonlinear form of the Table 3 : L∞ Error norm for a di usion dominated case: (b , c , a ) = ( . , . , ). 
) . . . . . Table 6 : Error for a reaction dominated case with sti reaction for V: Table 7 : L∞ Error norm for a reaction dominated case with sti reaction: reaction-di usion system:
where a and a are di usion constants, x is the spatial coordinate and U and V are functions of x and t which represent concentrations. For numerical calculations, the initial condition U(x, ) = . , V(x, ) = + x, x ∈ [ , ] and boundary conditions Figure 4 and Figure 5 for U and V respectively. When the motion of waves are examined, we can observe that both U and V produce periodical wave motion. The values of intensity for the periodical motion are given the Table 8 . The period of the wave can be determined as . from values calculated in Table 8 . approximately.
Figures 6-7 and Figures 8-9 are depicted for variation of density and shadow of the density on the xt-plane during the running time for N = ∆t = . for U and V respectively. When these gures are examined, we can see that the waves display periodical motion. .
. Isothermal system
We will search the numerical solutions of system of reaction-di usion equation which is given by
which is the special case of (1). Special case is obtained as selection of following constants.
The reaction-di usion equation system (22) is an isothermal chemical system. The functions U = U(x, t) and V = V(x, t) are nondimensionalisation intensity of two reactant as A and B, K > is a parameter of nondimensionalisation. While the nonlinear term in (22) UV models quadratic auto-catalysis, the term −KV shows linear decreasing in B reactant. The necessary and su cient condition of existence of moving wave solution of system (22) is K < and the asymptotic speed of spread of these solution is given with ( −k) / [18] . The concept of asymptotic speed of spread was rst produced for reaction-di usion equation system by [19] .
There is a simple and intuitive interpretation of the spreading speed c * for the epidemic model as, If c > c*,
one who run at a speed c leave behind epidemic, otherwise one will be surrounded by the epidemic [20] . 
Initial conditions can be de ned as following
If the solution region is selected as [ , ] , the boundary conditions are
In this section, we will compare the e ciency and accuracy of suggested method for the nonlinear problem. In numerical calculations, the programme is run to time t = over the region [ , ] , then the results are compared for various N and ∆t.
a) The constant of the Equations (22) can be selected as K = . . For space and time integration, N = and ∆t = . is used respectively. Under this selection, the results of solution for t = , t = , t = and t = are depicted in Figure 10 . and Figure 11 for U and V respectively. These graphs are similar to ones in studies of [13, 17] .
The solutions for various t and K = . are depicted in Figure 12 and Figure 13 for U and V respectively.
Solutions for various t and K = . are depicted in Figure 14 and Figure 15 for U and V respectively.
When Figures 14-15 are examined, we can observe that waves don't reach asymptotic velocity and they proceed nearly with constant velocity. Thus during the motion there is no close up in the waves. Figures 16-17 are depicted to show variation of concentrations U and V with N = , ∆t = . . Also when Figures 16-17 are observed, we can sight that while the constant k is increasing, the amplitude of function V approaches to the zero and evolution of reaction-di usion wave U is seen from the initial condition U(x, ) = to the wave front having a value at the rear and U = at the front in time.
On Tables 9-11 , the value of relative error for p = is presented for various t and K = . , K = . and K = . respectively. After the certain time t, It is known that as the velocity of wave reaches asymptotic velocity, solutions at successive times n + and n approach each other. Thus the value of U n+ − U n and V n+ − V n are close to zero and also the relative error ( [17] ) will decrease. The decrease of this relative error for k = . and k = . are observed in Tables 9-10 . On the other hand, for k = . the relative error will not decrease as the velocity of the waves don't reach up the asymptotic velocity and they proceed with nearly constant velocity.
Conclusion
The e ect of the exponential B-spline for the collocation method has been sought on nding numerical solutions of the reaction-di usion equation system. Accuracy of the method is observed with the selection of a suitable free parameter for the exponential B-spline function when the linear reaction-di usion equation is solved. Solutions of the nonlinear reaction-di usion equation known as the Brusselator model and isothermal system are simulated suitably by use of the exponential B-spline collocation method.
